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ABSTRACT 
An approximate explicit solution for Raman fiber lasers with arbitrary cascades is obtained. The solution is deduced 
without using depleted pump approximation. The proposed analytical solution shows excellent agreement with numerical 
simulation. Furthermore, optimal design of the cascaded Raman fiber lasers is carried out analytically. The optimal 
values of fiber length, reflectivity of output fiber Bragg grating and power conversion efficiency are obtained under 
different pump power. The optimal fiber length and reflectivity of output FBG decrease with increasing pump power. 
There exists a certain tolerance of the optimal cavity parameters, in which the conversion efficiency decreases only 
slightly. In addition, by the proposed solution one can readily determine whether pump power is depleted. 
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1. INTRODUCTION 
Stimulated Raman scattering (SRS) is a non-elastically scattering process occurring in dielectric materials. Due to a long 
interactive length between incident photons and fiber, the SRS is a very effective physical process to produce the 
broadband Raman fiber amplifiers, tunable Raman fiber lasers (RFLs) and cascaded Raman fiber lasers. RFLs are widely 
studied as the efficient all-fiber wavelength converter and attractive laser sources in the wavelength range of 1.1-1.9µm 
and find many applications in optical communications and sensors for their flexibility to design and all-fiber 
configuration. Multi-cascaded coherent Stokes radiations can be generated in low-loss germanosilicate or phosphosilicate 
fiber with diverse Raman resonant cavities [1-4]. 
To optimize the RFLs，many numerical methods [5-8] and some analytical methods [9-12] have been developed. 
However, the numerical methods are not only time-consuming, but also unstable if the initial guessed values are not 
properly chosen. It also proves difficult to find out an exact explicit solution for RFLs due to the nonlinear characteristics 
of beams interaction in Raman gain fibers. To obtain analytical solution for RFLs, some approximation must be used 
usually. In this paper, an explicit analytical solution for cascaded RFLs with arbitrary cascades is deduced using a 
linearly-propagating approximation. The approximation has been applied to the first- and second-order RFLs and proves 
valid [13,14]. The proposed explicit solution shows excellent agreement with numerical simulation whether the cascade 
equals odd or even. Furthermore, optimal design of RFLs is discussed using the proposed explicit solution. The results 
provide us a clear physical understanding to optimal design of the laser.  
 The paper is organized as follows. First, theoretical analysis is presented in section 2. Then the linear-propagating 
approximation for pump beam and Stokes wave is used to obtain the explicit analytical solution and comparison between 
the proposed solution and numerical simulation is done in section 3 and 4. Finally, optimal design of the RFLs using the 
proposed explicit solution is discussed in section 5. 
2. THEORETICAL ANALYSIS 
Figure 1 shows the schematic diagram of nth-order cascaded RFL discussed in this paper. N-pairs of fiber Bragg gratings 
(FBGs), i.e. 0iR  and
L
iR ),,2,1( ni ⋅⋅⋅= , are used as the cavity reflectors. A cascade of Stokes waves, each of which resonates 
in the Fabry-Perot cavity consisting of a pair of FBGs, can be generated through the SRS process. An additional FBG 
(i.e. LR0 ) with high reflectivity at the pump wavelength yields a double-pass pumping scheme.   
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Fig. 1. Schematic diagram of the nth-cascaded Raman fiber laser 
3. THEORETICAL ANALYSIS 
The forward- and backward-propagating pump and Stokes powers in Raman gain fiber meet the following well-known 
differential equations [5,15] 
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where subscripts i represent pump(i=0) and Stokes (i=1,2,...,n) waves. The superscripts ± denote forward(+) and 
backward(-) propagation radiations. λi is the wavelength of pump and Stokes radiations and αi is the loss coefficients of 
Raman fiber at wavelength λi. The Raman gain coefficients from ith-order radiation to jth-order radiation is given by gij 
(in W-1m-1) and scales inversely with wavelength λj and the average effective area of fiber at the wavelengths of  λi and 
λj[16]. In Ref.[11], the approximation iiiiii gg λλ /11,,1 ++− =  is used. Eq.(1a)-(1c) meet the boundary conditions  
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where Pin is incident pump power.  0iR  and
L
iR  are the reflectivity of  corresponding FBGs. The splicing losses in all 
splicing points and insert losses of FBGs can be merged into 0
iR  and 
L
iR . 
Since the power product of −+ ii PP  is a constant (ci) for the coordinate z[17], we can rewrite Eq.(1a)-(1c) as follows by 
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We can refer to 
ic  as the geometric mean powers and )(zui  as the gain factors for pump and Stokes radiations. Thus, 
Eq.(3a)-(3c) represent the evolvement of the gain factors along Raman fiber and the geometric mean powers are 
undetermined constants. All boundary conditions are known except  u0(0). 
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where 1
0
cosh( ( )) ( 1,2,..., )
Leff
i iLl u z dz i n= =∫ is referred to as the normalized effective fiber length for pump and Stokes 
waves.  
0 0 0ln( ) / 2
LL Rδ α= − and 0ln( )/2 ( 1,2,..., )Li i i iL R R i nδ α= − =  are the single-pass loss factors for pump and Stokes 
radiations arising from fiber loss and transmitted loss of FBGs, respectively.  
From Eq.(5a)-(5c), we can express the geometric mean powers as a function of the normalized effective fiber length:  
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i i iLP P P dz
+ −= +∫ . It is obvious 
that eff
iii lcP =  . Thus, one can find that all iP  for even-order Stokes waves will be clamped when n is odd and all iP  for 
odd-order Stokes waves will be clamped when n is even. 
From Eq.(3a)-(3c), we can also deduce the relation 
[ ]
0 0
sinh( ( )) sinh( (0)) 0
n n
eff
i i i i i i i i
i i
c u L u c Llλ α λ
= =
− + =∑ ∑    (10) 
The equation states the fact that the number of input pump photons is equal to the total number of output pump and 
Stokes photons from the RFL plus photons dissipated in Raman fiber.  
When Pin is equal to the threshold pump power for the nth-order Stokes radiation, (6a) and (7a) can be satisfied 
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4. APPROXIMATE SOLUTION 
In section 2, we has express the geometric mean powers 
ic  as a function of the normalized effective length effil . Since 
)(zui is unknown, effil is also unknown varibles. To solve ic , some approximation must be used. In first-order 
approximation,  the linearly-dependent of ui(z) on coordinates z can be supposed.  The approximation has been applied to 
the first- and second-order RFL and proves valid [13,14]. According to this approximation, the normalized effective fiber 
length eff
il  can be express as 
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The gain factors can be approximately expressed as 
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where LLuuΑ /)]()0([ 000 −=  is the equivalent loss coefficient of Raman fiber at pump wavelength. 0 ( )l z and ( )nl z can be 
calculated by 
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Substituting Eq. (13) into (11), we can express the threshold pump power further as 
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The expressions of output powers are slightly different for odd- and even-order RFL. Note that we obtain the explicit 
expressions of output powers without using depleted pump approximation. 
1)  n is odd 
When n is odd, we can obtain the implicit expression of 




























=       (16) 
Using the Lambert W function, we can express 0 (0)u  or 0c  explicitly as  
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where ( )1 01(2 )inP g Lγ = ∆  and 0W  is the principal branch of Lambert W function[18]. For the sake of simplification, 
0ln( ) / 2 0
LR ≈  has been assumed in Eq.(17) for 10 ≈
LR  usually. Then all ic  can be solved from Eq.(6a) and (6b). All ic  
for odd-order Stokes waves increase with increasing pump power, while all 
ic  for even-order Stokes waves will be 
clamped. The output power for nth-order Stokes wave is 
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Using Eq.(17), we can calculate the residual pump power at z=0 and z=L  
0 0(0) exp[ 2 (0)]inP P u
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L
inP L P u R
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If
1 01(2 )inP g L>> ∆ (i.e. 0inP P>> ), then 0 (0) inP P
− << . Thus one can compare inP  with 0P  to determine whether pump 
power is depleted or not. In depleted pump approximation (i.e. 0 (0) inP P
− << ), outnP  increases linearly with input pump 
power. Furthermore, one can find 
0 ( ) inP L P
+ <<  if ( )1inP gL>> ∆  (i.e. 02inP P>> ), namely pump power is depleted only by 
single-pass propagation. Thus FBG0 with high reflectivity at pump wavelength is unnecessary under this condition.  
2)  n is even 
When n is even, we can solve 
ic  from Eq.(7a), (7b) and (7c). All ic  for even-order Stokes waves increase linearly 
with increasing pump power, while all
ic  for odd-order Stokes waves will be clamped. The slope efficiency of the nth-
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From (7a), one can deduce the residual pump power at z=0 and z=L  
02
0 )0(
∆−− = ePP in        (22a) 
 00 0( )
L
inP L P e R
−∆+ =        (22b) 
If 02 0∆ >> , then 0 (0) inP P
− << , namely pump beam is depleted. Furthermore, if 0 0∆ >> , then 0 ( ) inP L P
+ << . Thus double-
pass pumping scheme is unnecessary in this condition. 
5. COMPARISON WITH NUMERICAL SIMULATION 
To verify the proposed analytical solution, we use 1480 nm germanosilicate fiber Raman laser pumped by 1117 nm or 
1064nm laser as the example. In comparison, numerical simulation for Eqns.(3a)-(3b) is also carried out using MATLAB 
BVP solver. The tolerance for boundary conditions is less 0.1% in numerical method. The numerical algorithm consume 
only several seconds to solve Eq(3a)-(3b) while using the analytic solution as the initial solution. Table 1 lists the 
parameters of germanosilicate fiber used in following calculation. 







1064 2.50 5.50 
1117 2.12 5.20 
1175 1.75 4.72 
1239 1.54 4.31 
1310 1.17 3.95 
1390 2.63 3.53 
1480 0.76 3.03 
 
Any spectral broadening for pump and Stokes waves are not considered in the classic model depicted by Eq.(3a)-(3b). 
However, RFLs always suffer from the spectral broadening effect. While considering this effect, the model should been 
modified. The simplest way is to introduce the effective reflectivity of FBGs[19]. The effective reflectivity of FBG, 
which can be estimated by measuring the reflective spectrum of FBG and the output spectra of pump and Stokes waves, 
is always lower than the nominal reflectivity at Bragg wavelength. For convenience, the effective reflectivity for all 
FBGs except LnR (i.e. Rout) are assumed to be 95%.   
Figure 2 shows the dependences of output power of 1480nm Stokes radiation on input pump power when Rout＝30% and 
L＝200m. Analytical solution shows excellent agreement with numerical simulation. The discrepancy between them is 
less than 0.1% up to Pin=8W. 































Fig. 2. The output power of 1480nm Stokes wave vs input pump power (Rout＝30%, L＝200m, squares: numerical; lines: 
analytical) 
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           (b) 
Fig. 3. The power distributions of pump and Stokes waves in Raman cavity for 1480nm germanosilicate fiber Raman laser 
pumped by 1117 nm laser (Pin=5W, Rout=30%, L=200m, squares: numerical; lines: analytical). (a):pump wavelength at 
1117nm; (b): pump wavelength at 1064nm. 
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Figure 3 show the power distributions of pump and Stokes waves in 1480nm germanosilicate fiber Raman laser pumped 
by 1117nm and 1064nm laser while Pin=5W，Rout=30%, L=200m. From these figures, we can find that linearly-
propagation approximation for pump and the nth Stokes wave stands up well and truly, although there exists a little error 
for the intermediate Stokes waves. 
6. DESIGN OPTIMIZATION 
It is well-known that there exits a set of optimal values of fiber length and reflectivity of output FBG which leads to the 
maximum power conversion efficiency under certain pump power. One can look for the optimal parameters by numerical 
method. However, the method is time-consuming and unstable if the initial guessed values are not properly chosen. The 
most interesting subject will be to find the optimal parameters by an analytical method. In this section, we discuss the 
procedure looking for the optimal parameters using the analytical results in section 3. 
Let 0outnP L∂ ∂ = , one can readily deduce the optimal fiber length under certain pump power and reflectivity of output 
FBG. The result is slightly different for odd- and even-order RFLs. 
1)  n=odd 
0 1
0 0 1 02 ( ) ( )L W e L W eL L
γ γγ γ γ− −∂∆ ∂∆⎛ ⎞ ⎡ ⎤⎡ ⎤∆ − = − + + ∆ −⎜ ⎟ ⎣ ⎦ ⎢ ⎥∂ ∂⎝ ⎠ ⎣ ⎦
   (23) 
This equation shows implicitly the optimal fiber length as a function of pump power and reflectivity of output FBG. 
If 0 0 0L L∆ − ∂∆ ∂ ≈ , which is valid while 2
L
iR  ( 0,1,..., ( 1) / 2)i n= − close unity (i.e. 2 1
L
iR ≈  ), then we can express 
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This equation shows implicitly the optimal fiber length as a function of pump power and reflectivity of output FBG when 
n is even. In pump-depletion approximation (i.e.
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     (26) 
Figure 4(a) and 4(b) show the optimal fiber length and power conversion efficiency as a function of Rout when Pin=5W. 
In this figure, the numerical optimal results are also plotted as a comparison with analytical results. They agree well with 
each other. From Fig. 5(a), one can find that the conversion efficiency is maximized (about 52.2%) when L=150m and 
Rout =16% for 1480nm germanosilicate fiber Raman laser pumped by 1117 nm laser. From Fig.5(b), the optimal 
parameter are found to be L=145m and Rout =10% with maximized conversion efficiency 44.4% for 1480nm 
germanosilicate fiber Raman laser pumped by 1064nm laser. The optimal results calculated by (24) and (26) show a little 
difference with these results due to the use of further approximation.  
Figure 5(a) and 5(b) show the contour diagram of power conversion efficiency versus Rout and L. From these figures, we 
can also obtain the same optimal parameter values as figure 5 and 6. Additionally, there exists a certain tolerance of the 
optimal parameters, in which the conversion efficiency decreases only slightly. From figure 5, one can find that power 
conversion efficiency decreases less than 1.5% from the maximum value when the values of Rout and L are selected in the 
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range of contour line 51%. From figure 6, one can also find that power conversion efficiency decreases less than 1.5% 
from the maximum value when the values of Rout and L are selected in the range of contour line 43%.  
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(a)                                                                                                (b) 
Fig. 4.  Optimal fiber length and power conversion efficiency versus reflectivity of output FBG  when Pin=5W. (a):pump 
wavelength at 1117nm; (b): pump wavelength at 1064nm. 
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 (a)                                                                                                (b) 
Fig. 5.  The contour diagram of power conversion efficiency versus reflectivity of output FBG and fiber length. (a):pump 
wavelength at 1117nm; (b): pump wavelength at 1064nm. 
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(a)                                                                                            (b) 
Fig. 6. The optimal fiber length, reflectivity of output FBG and power conversion efficiency vesus input pump power. (a): 
pump wavelength at 1117nm; (b):pump wavelength at 1064nm. 
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Similarly, one can obtain the optimal reflectivity of output FBG under certain pump power and fiber length if 
let 0out Ln nP R∂ ∂ = . If 0
out
nP L∂ ∂ =  and 0
out L
n nP R∂ ∂ =  are met simultaneously, one can obtain the optimal fiber length and 
reflectivity of output FBG under certain input power. Figure 6(a) and 6(b) show optimal optical fiber length, reflectivity 
of output FBG and power conversion efficiency as a function of input pump power. As shown in these figure, the 
optimal fiber length and reflectivity of output FBG decrease with increasing pump power whether n is odd or even. 
7. CONCLUSIONS 
An explicit analytic solution of cascaded Raman fiber lasers with arbitrary cascades has been obtained using a linearly-
propagating approximation. The solution is deduced without using the approximations of depleted pump 
and
iiiiii gg λλ /11,,1 ++− = . Furthermore, optimal design of cascaded RFLs is carried out using the proposed analytical 
solution. The proposed analytical solution shows excellent agreement with numerical simulation.  
The optimal values of fiber length, reflectivity of output fiber Bragg grating and power conversion efficiency are 
obtained under different pump power.  For example, the results for 1480nm germanosilicate fiber Raman laser pumped 
by 1117 nm laser show that the optimal cavity parameters are L=150m and Rout=16% with maximum power conversion 
efficiency 52.2% when Pin=5W. The results for 1480nm germanosilicate fiber Raman laser pumped by 1064 nm laser 
show that the optimal cavity parameters are L=145m and Rout=10% with maximum power conversion efficiency 44.4% 
when Pin=5W. There exists a certain tolerance of the optimal parameters, in which the conversion efficiency decreases 
only slightly. The optimal fiber length and reflectivity of output FBG decrease with increasing pump power. 
The proposed analytical solution also shows the depleted pump approximation is valid only when 
1 01(2 )inP g L>> ∆  for 
n=odd and 02 0∆ >> for n=even. If ( )1inP gL>> ∆  for n=odd or 0 0∆ >> for n=even, pump power is depleted only by 
single-pass propagation and thus double-pass pumping scheme is unnecessary under this conditions. 
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